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Abstract
We provide semi-analytic expressions for quasinormal mode frequencies of slowly rotating Kerr
black holes to the quadratic order in the rotation parameter. We apply the parametrized quasinor-
mal mode ringdown formalism to the Chandrasekhar-Detweiler equation and the Sasaki-Nakamura
equation instead of the Teukolsky equation, and compare our result with the previous numerical
calculations.
PACS numbers: 04.50.-h,04.70.Bw
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I. INTRODUCTION
The parametrized quasinormal mode (QNM) ringdown formalism [1–3] is an efficient
way to calculate QNM frequencies when a master equation of the gravitational perturbation
is slightly deviated from that in the Schwarzschild case, i.e., the Regge-Wheeler or Zerilli
equation [4, 5]. Using this method, we can estimate the deviation from the Schwarzschild case
with high accuracy even for lower multipole number ℓ. The parametrized QNM ringdown
formalism can be applied to many models, especially around the static black holes in modified
gravities [1, 2, 6–8].
In general relativity, the gravitational perturbation around the Kerr black hole is de-
scribed by the Teukolsky equation [9]. Unfortunately, the parametrized QNM ringdown
formalism apparently cannot to be applied to it1 because the Teukolsky equation with the
vanishing Kerr parameter a = 0 does not reduce to the form of the Regge-Wheeler or Zerilli
equation [4, 5].
In this paper, to avoid this problem, we rather focus on other formulations by Chan-
drasekhar and Detweiler [10, 11] and by Sasaki and Nakamura [12–14]. These are related to
the Teukolsky equation by highly non-trivial transformations of the master variables. The
key point is that both the Chandrasekhar-Detweiler equation and the Sasaki-Nakamura equa-
tion reduce to the Regge-Wheeler equation in the non-rotating limit,2 and the parametrized
QNM ringdown formalism can be easily applied to them. Using this property, we derive
semi-analytic corrections to the quasinormal modes in the slowly rotating limit up to the
quadratic order of the Kerr parameter. It turns out that both equations lead to perfectly
the same result as expected.
Our approach is based on the parametrized QNM ringdown formalism. Though the
QNMs of Kerr black holes have been well-studied especially by numerics e.g., in [15, 16],
there are still some motivations to further study them analytically: (i) To obtain some
insights from analytical expressions, e.g., the dependence of the Kerr parameter a and the
azimuthal number m. (ii) To provide a simple and quick approximate formula in the slow
rotation regime, which is sufficiently accurate compared to fitting functions derived from
1 Note that the Klein-Gordon equation around the slowly rotating Kerr black hole has been discussed in [1].
2 The Chandrasekhar-Detweiler equation also reduces to the Zerilli equation by flipping signs of a few
parameters.
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numerical results [15, 16]. (iii) To extend the discussion to rotating black holes in modified
gravities in the future. For this purpose, developing a semi-analytical derivation of the Kerr
QNM with high accuracy for slow rotation case is needed.
The organization of this paper is as follows. In Secs.II, III, we briefly review the
parametrized QNM ringdown formalism and the Chandrasekhar-Detweiler equation. We
derive the semi-analytic expression of quasinormal modes for slowly rotating black holes in
Sec.IV, and compare our result with the previous numerical results [15, 16] in Sec.V. We
summarize our results in Sec.VI. In App.A, we discuss boundary conditions for QNMs. In
App.B, we show explicit results on the Sasaki-Nakamura equation.
II. THE PARAMETRIZED QUASINORMAL MODE RINGDOWN FORMALISM
Let us review the parametrized quasinormal mode (QNM) ringdown formalism [1–3]. In
this formalism, we consider master equations with the following form:
f
d
dr
(
f
d
dr
Φ
)
+ (ω2 − f(V (0) + δV ))Φ = 0, (1)
with
f = 1− rH
r
, (2)
where the constant rH denotes the location of the black hole horizon. The background
potential V (0) denotes the effective potential for the Zerilli or Regge-Wheeler equation [4, 5],
i.e.,
V (0) = V+ =
9λr2Hr + 3λ
2rHr
2 + λ2(λ+ 2)r3 + 9r3H
r3(λr + 3rH)2
, (3)
with λ = ℓ2 + ℓ− 2 for the even parity perturbation, and
V (0) = V− =
ℓ(ℓ+ 1)
r2
− 3rH
r3
, (4)
for the odd parity perturbation. We assume that δV takes the form
δV = δV± =
1
r2H
∞∑
j=0
α±j
(rH
r
)j
, (5)
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where α±j are small parameters. At the quadratic order of the small parameters α
±
j , the
QNM frequency of Eq. (1) is given by
ωQNM = ω0 +
∞∑
j=0
α±j e
±
j +
∞∑
j,k=0
α±j α
±
k e
±
jk +O(α3), (6)
where ω0 = 2Ω0/rH and Ω0 denotes the dimensionless QNM frequency for the Schwarzschild
black hole, e.g.,
Ω0 = 0.3736716844180418...− i0.0889623156889357... (for ℓ = 2 fundamental mode). (7)
We should note that the dimensionless coefficients e±j and e
±
jk do not depend on the small
parameters α±j , and thus our task is to know them. Their numerical data are found in [1, 2,
17].3
III. THE CHANDRASEKHAR-DETWEILER EQUATION
The Chandrasekhar-Detweiler equation [10, 11] was obtained by a transformation of the
Teukolsky equation. It is given by4(
d2
dr2
∗
+ (ω2 − VCD)
)
X = 0, (8)
where r∗ is defined by
5
dr∗
dr
=
r2 + a2
∆
, (10)
∆ = r2 − 2Mr + a2. (11)
The potential VCD is
VCD = ω
2 + V, (12)
V = −K
2 +∆λ
(r2 + a2)2
+
2∆(r3M + a4)
r2(r2 + a2)3
+
3a2∆2
(r2 + a2)4
− 4λρ
2∆(−2λρ2(r2 − a2) + 2r(rM − a2)(4λr + 6M + κ2))
r2(r2 + a2)2(2λr2 + (6M + κ2)r − 2λ(a2 + am/σ))2 , (13)
3 In [17], we recalculated the coefficients e±j and e
±
jk. We used the recursion relations for e
−
j [3] and their
higher order extensions to evaluate the numerical error. We confirmed that the errors are O(10−15).
4 The relation between X and the Teukolsky variable R can be seen in [10, 11, 18].
5 Note that r∗ can be written explicitly as
r∗ = r +
2Mr+
r+ − r− ln
r − r+
2M
− 2Mr−
r+ − r− ln
r − r−
2M
. (9)
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where K, ρ, κ2 are given by
K = (r2 + a2)ω − am, (14)
ρ2 = r2 + a2 +
am
σ
, (15)
κ2 = ±
√
36M2 − 2λ
((
a2 +
am
σ
)
(5λ+ 6)− 12a2
)
+ 2b2λ(λ+ 2), (16)
with
σ = −ω, b2 = ±3
(
a2 +
am
σ
)
. (17)
The parameters M, a,m denote the mass parameter, the Kerr parameter and the azimuthal
number, respectively. Hereafter, we choose the minus signs of b2 and κ2.
6 In the calculation
of QNM frequencies for slowly rotating Kerr black holes, we mainly use r± =M±
√
M2 − a2
as fundamental variables rather than M and a. In the slow rotation limit a → 0, we have
r+ ∼ 2M , r− ∼ a2/(2M). Note that M and a can be written by r± as
M =
r+ + r−
2
, a =
√
r+r−. (18)
We can easily check that the Chandrasekhar-Detweiler equation reduces to the Regge-
Wheeler equation in the limit of a → 0. Thus it is expected to compute the QNMs for
the slow rotation case (small a or small
√
r−) by using the parametrized QNM ringdown
formalism. To show it, we introduce a new master variable X˜
X˜ =
√
ZX, (19)
with Z = r(r − r−)/(r2 + a2). Then the Chandrasekhar-Detweiler equation (8) becomes
f
d
dr
(
f
d
dr
)
X˜ +
(
ω2
Z2
− fV˜
)
X˜ = 0, (20)
with
f = 1− r+
r
, (21)
V˜ =
VCD
fZ2
− f(∂rZ)
2 − 2Z∂r(f∂rZ)
4Z2
. (22)
6 The minus signs lead to the Regge-Wheeler potential in a→ 0, while the plus signs to the Zerilli potential.
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As shown in the next section, taking the series expansion of
√
r− to the above equation,
we can rewrite the master equation as the form so that the parametrized QNM ringdown
formalism can be applied. We note that the QNM boundary condition of X˜ is same as X
because the function Z is regular at r = r+ and∞. The asymptotic behavior of X˜ for slowly
rotating case is discussed in Appendix. A.
In the above equations, λ is an eigenvalue of the differential equation for the angular part
1
sin θ
d
dθ
(
sin θ
dS(θ)
dθ
)
+
[
−a2ω2 sin2 θ − (m− 2 cos θ)
2
sin2 θ
+ 4aω cos θ − 2 + 2maω + λ
]
S(θ) = 0,
(23)
with the regular boundary condition at θ = 0, π. Defining x := cos θ, Eq.(23) takes the form
d
dx
(
(1− x2)dS
dx
)
+
[
(aωx)2 + 4aωx− 2 + (λ+ 2maω − a2ω2)− (m− 2x)
2
1− x2
]
S = 0. (24)
In [19], the eigenvalue λ for the above equation was discussed in detail.7 For small√
r−/r+ (= a/r+), the eigenvalue λ behaves as
λ = λ0 + λ1mr+ω
√
r−
r+
+ λ2(r+ω)
2 r−
r+
+O(r3/2− ), (25)
with
λ0 = ℓ
2 + ℓ− 2, (26)
λ1 = −2− 8
ℓ(ℓ+ 1)
, (27)
λ2 = hℓ+1,m − hℓ,m, (28)
hℓ,m =
(ℓ2 −m2)(ℓ2 − 4)2
2(ℓ2 − 1/4)ℓ3 . (29)
Note that when we calculate QNM frequencies for slowly rotating Kerr black holes, ω in
Eq. (25) also can be expanded as
ω = ω0 + ω1
√
r−
r+
+ ω2
r−
r+
+O(r3/2− ). (30)
We determine the coefficients ω1 and ω2 semi-analytically in the next section.
IV. QNM FREQUENCIES FOR SLOWLY ROTATING KERR BLACK HOLES
Now we show that the Chandrasekhar-Detweiler equation allows us to apply the
parametrized QNM ringdown formalism to slowly rotating black holes.
7 Note that Eq. (24) corresponds to Eq.(2.1) in [19] with s = −2, c = aω,A = λ+ 2maω − a2ω2.
6
A. First order expression
At the first order of
√
r−/r+, we can rewrite the Chandrasekhar-Detweiler equation (20)
in the form
f
d
dr
(
f
d
dr
)
X˜ +
((
ω − m
r+
√
r−
r+
)2
− f(V− + δV )
)
X˜ = 0, (31)
with
V− =
ℓ(ℓ+ 1)
r2
− 3r+
r3
, (32)
δV =
1
r2+
5∑
j=0
α−j
(r+
r
)j
, (33)
where α−j = α
(1st)
j
√
r−/r+ and the explicit forms of α
(1st)
j are given by
α
(1st)
0 = −2mω0r+, (34)
α
(1st)
1 = −2mω0r+, (35)
α
(1st)
2 = mω0r+λ1, (36)
α
(1st)
3 =
8m(3 + 2λ0)
3ω0r+
, (37)
α
(1st)
4 = −
4m(5 + 2λ0)
ω0r+
, (38)
α
(1st)
5 =
12m
ω0r+
. (39)
We note that the master equation (31) is equivalent to that in [20] up to an ambiguity of
the effective potential at the first order of a [3]. Using the parametrized QNM ringdown
formalism, we immediately obtain the semi-analytic QNM frequency of Kerr black hole at
the first order of
√
r−/r+
ωKerrQNM =
2Ω0
r+
+
(
m
r+
+
5∑
j=0
α
(1st)
j e
−
j
)√
r−
r+
+O(r−). (40)
For the fundamental mode with ℓ = 2, the QNM frequency Eq. (54) at O(a) becomes
MωQNM[1st] = (0.3736716844180418− 0.0889623156889357i)
+ (0.06288307950829904+ 0.00099793485362341i)
ma
M
+O(a2), (41)
where we used r± = M ±
√
M2 − a2 and the numerical data of e−j [1, 17, 21]. We note that
we can obtain the same result from the Sasaki-Nakamura equation if we use the recursion
relation for e−j [3] (see Appendix B).
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B. Second order expression
The extension to the quadratic order is straightforward. At the second order of
√
r−/r+,
the Chandrasekhar-Detweiler equation (20) becomes
f
d
dr
(
f
d
dr
)
X˜ +
((
ω − m
r+
√
r−
r+
+ 2ω0
r−
r+
)2
− f(V− + δV )
)
X˜ = 0, (42)
with
δV =
1
r2+
7∑
j=0
α−j
(r+
r
)j
, (43)
where α−j = α
(1st)
j
√
r−/r+ + α
(2nd)
j r−/r+. The first order corrections α
(1st)
j are same as
Eqs. (34)-(39) (but α
(1st)
6 = α
(1st)
7 = 0), and the second order corrections α
(2nd)
j are given by
α
(2nd)
0 = m
2 − 2mr+ω1 + 4r2+ω20, (44)
α
(2nd)
1 = m
2 − 2mr+ω1 + 2r2+ω20, (45)
α
(2nd)
2 = m
2 + λ1mr+ω1 + λ2r
2
+ω
2
0, (46)
α
(2nd)
3 = −
m2(16λ0(2λ0 + 3)
2 − 9(16λ1 + 3)r2+ω20) + 72(2λ0 + 3)mr+ω1 + 9(13λ0 + 6)r2+ω20
27r2+ω
2
0
,
(47)
α
(2nd)
4 =
16m2((λ0 + 3)(2λ0 + 3)
2 − 9λ1r2+ω20) + 72(2λ0 + 5)mr+ω1 + 9(16λ0 + 25)r2+ω20
18r2+ω
2
0
,
(48)
α
(2nd)
5 = −
4(2(2λ0 + 3)(8λ0 + 27)m
2 + 27mr+ω1 + 27 r
2
+ω
2
0)
9r2+ω
2
0
, (49)
α
(2nd)
6 =
4(26λ0 + 51)m
2
3r2+ω
2
0
, (50)
α
(2nd)
7 = −
20m2
r2+ω
2
0
, (51)
where ω1 is the first order correction derived in the previous subsection:
ω1 =
m
r+
+
5∑
j=0
α
(1st)
j e
−
j . (52)
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Thus, the semi-analytic QNM frequency at the second order of
√
r−/r+ finally becomes
ωKerrQNM =
2Ω0
r+
+
m
r+
√
r−
r+
− 2ω0 r−
r+
+
7∑
j=0
α−j e
−
j +
5∑
j,k=0
α−j α
−
k e
−
jk +O(r3/2− ), (53)
=
2Ω0
r+
+
(
m
r+
+
5∑
j=0
α
(1st)
j e
−
j
)√
r−
r+
+
(
−2ω0 +
7∑
j=0
α
(2nd)
j e
−
j +
5∑
j,k=0
α
(1st)
j α
(1st)
k e
−
jk
)
r−
r+
+O(r3/2− ). (54)
We should note that, for m = 0, the first order correction terms vanish (see Eqs. (34)-(39)),
but the second order correction does not. For the fundamental mode with ℓ = 2, the QNM
frequency Eq. (54) at O(a2) becomes
MωQNM[2nd] = (0.3736716844180418− 0.0889623156889357i)
+ (0.06288307950829904+ 0.00099793485362341i)
ma
M
+
(
(0.03591312868219192+ 0.00638178925047840i)
+ (0.008956790293516656− 0.000291221289721613i)m2
)( a
M
)2
+O(a3), (55)
where we used r± = M ±
√
M2 − a2 and the numerical data of e−j and e−jk [1, 2, 17]. We
confirmed that the Sasaki-Nakamura equation reproduces the same result in the end.
V. COMPARISON WITH NUMERICAL CALCULATION
In this section, we compare our semi-analytic expression of quasinormal modes for slowly
rotating Kerr black holes, Eqs. (41) and (55), with numerical results in [15, 16]. In addition
to Eqs. (41) and (55), we also use the Pade´ approximant8 from the second order expression
Eq. (55). In Fig. 1, we plot the QNM frequencies of Kerr black holes for ℓ = 2 fundamental
modes with m = 0,±1,±2.
8 For F (x) = A+Bx+ Cx2 with B 6= 0, its Pade´ approximant of degree [1/1] is explicitly given by
F [1/1](x) :=
A+ (B2 −AC)x/B
1− Cx/B . (56)
This is a rational function whose Taylor series is the same as the original function up to the second order.
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FIG. 1: The QNM frequencies of Kerr black holes for ℓ = 2 withm = 0,±1,±2. Thick (black), solid
(blue), dashed (red), dotted (magenda) curves denote the numerical calculation in [15, 16, 22], the
first order expression, the second order expression and the [1/1] Pade´ approximant, respectively.
In Fig. 2, the error of our formula is plotted. The error for the deviation from the
Schwarzschild case is estimated by ∆R and ∆I
∆R =
∣∣∣∣∣Re[(ωfull − ωSch)− (ω
Kerr
QNM − ωSch)]
Re[ωfull − ωSch]
∣∣∣∣∣ , (57)
∆I =
∣∣∣∣∣Im[(ωfull − ωSch)− (ω
Kerr
QNM − ωSch)]
Im[ωfull − ωSch]
∣∣∣∣∣ , (58)
where ωSch = Ω0M , ω
Kerr
QNM is given by Eq. (55) and ωfull is a numerical result in [15, 16, 22].
We find that the error is very small for a < 0.1. In Fig. 2, the error function diverges at
a ≃ 0.175 for m = −1, ℓ = 2 and a ≃ 0.553 for m = −2, ℓ = 2, respectively. This is because
that the denominator of Eq. (58) accidentally vanishes at those points (see Fig. 3).
In [16], fitting functions for the QNM frequencies of Kerr black hole from numerical
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FIG. 2: The error functions for ℓ = 2 with m = 0,±1,±2. Solid (blue), dashed (red), dotted (ma-
genda) curves denote the error functions for the first order expression, the second order expression
and the Pade´ approximant, respectively.
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FIG. 3: The zoom plot for the imaginary part of the QNM frequencies for m = −1,−2 cases in
Fig. 1. The values of the imaginary part coincide with those of the Schwarzschild case at a ≃ 0.175
for m = −1, ℓ = 2 and a ≃ 0.553 for m = −2, ℓ = 2, respectively.
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calculation are discussed. For ℓ = 2, m = 2 fundamental modes, they are given by
Re[Mω(fit)] ≃ 1.5251− 1.1568(1− a/M)0.1292,
= 0.3683 + 0.149459a/M + 0.0650743(a/M)2 +O(a3), (59)
Re[ω(fit)]
2|Im[ω(fit)]| ≃ 0.7000 + 1.4187(1− a/M)
−0.4990,
= 2.1187 + 0.707931a/M + 0.530595(a/M)2 +O(a3). (60)
The same quantities from our result (55) become
Re[MωQNM[2nd] ] = 0.373672 + 0.125766a/M + 0.0717403(a/M)
2 +O(a3), (61)
Re[ωQNM[2nd] ]
2|Im[ωQNM[2nd] ]|
= 2.10017 + 0.753968a/M + 0.543279(a/M)2 + O(a3). (62)
We can see that our result Eq. (55) can roughly reproduce the fitting functions in the slow
rotation regime.
VI. SUMMARY AND DISCUSSION
In this paper, we derived semi-analytic expressions for quasinormal mode frequencies of
slowly rotating Kerr black holes up to the second order of the Kerr parameter a. The key
point is that the Chandrasekhar-Detweiler equation (or the Sasaki-Nakamura equation) re-
duces to the Regge-Wheeler equation in the limit a→ 0, and we can apply the parametrized
QNM ringdown formalism [1–3]. We also compared our result with the previous numerical
calculations, and showed that they agree very well at small Kerr parameter. Our perturba-
tive expression should provide useful information to improve fitting functions.
As a future work, it would be interesting to extend our result to the higher order Kerr
parameters because we have observed that the QNM frequencies at the quadratic order give
a good approximation for not very small Kerr parameters. If we have the higher order
Kerr parameter extension, it is also possible to discuss radius of convergence of the series
expansion and the singularity structure. Another direction is an extension to modified
gravities. In modified gravities, master equations would be coupled systems, thus we expect
that the parametrized QNM ringdown formalism for coupled systems [2] will be useful.
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Appendix A: QNM boundary condition
The QNM boundary condition for the Chandrasekhar-Detweiler equation (8) is given
by [11]
X → eiωr∗ for r∗ →∞, (A1)
X → e−ikr∗ for r∗ → −∞, (A2)
where k = ω −ma/(2Mr+). Near the event horizon, kr∗ behaves
kr∗ ≃
(
ω − m
r+
√
r−
r+
+ 2ω0
r−
r+
)
r+ ln((r − r+)/r+) + r+ω −m
√
r−
r+
− r+ωr−
r+
+O(r − r+).
(A3)
Thus, e−ikr∗ approximately behaves
e−(ω−(m/r+)
√
r−/r++2ω0r−/r+)rSch∗ (const. +O(r − r+)) , (A4)
where rSch
∗
= r + r+ ln((r − r+)/r+) ∼ r+ ln((r − r+)/r+).
Appendix B: Calculation from the Sasaki-Nakamura equation
1. The Sasaki-Nakamura equation
The Sasaki-Nakamura equation [12–14] is given by(
d2
dr2
∗
− F d
dr∗
− U
)
XSN = 0, (B1)
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where r∗ is same as Eq. (10).
9 The functions F and U are given by
F =
∂rη
η
∆
r2 + a2
, (B4)
∆ = r2 − 2Mr + a2, (B5)
η = c0 +
c1
r
+
c2
r2
+
c3
r3
+
c4
r4
, (B6)
c0 = −12iωM + λ(λ+ 2)− 12aω(aω −m), (B7)
c1 = 8ia(3aω − λ(aω −m)), (B8)
c2 = −24iam(aω −m) + 12a2(1− 2(aω −m)2), (B9)
c3 = 24ia
3(aω −m)− 24Ma2, (B10)
c4 = 12a
4, (B11)
and
U =
∆U1
(r2 + a2)2
+G2 +
∆∂rG
r2 + a2
− FG, (B12)
G = −2(r −M)
r2 + a2
+
r∆
(r2 + a2)2
, (B13)
U1 = V +
∆2
β
(
∂r
(
2α +
∂rβ
∆
)
− ∂rη
η
(
α +
∂rβ
∆
))
, (B14)
α = −iKβ
∆2
+ 3i∂rK + λ+
6∆
r2
, (B15)
β = 2∆
(
−iK + r −M − 2∆
r
)
, (B16)
V = −K
2 + 4i(r −M)K
∆
+ 8Iωr + λ, (B17)
K = (r2 + a2)ω −ma, (B18)
We note that the QNM boundary condition for the Sasaki-Nakamura equation is same as
Eqs. (A1) and (A2).
9 There is a relation between XSN and the Teukolsky variable R as
R =
1
η
[(
α+
∂rβ
∆
)
χ− β
∆
∂rχ
]
, (B2)
with χ = XSN∆/
√
r2 + a2. This also can be written as
XSN =
√
r2 + a2r2
[
d
dr
− iK
∆
] [
d
dr
− iK
∆
](
R
r2
)
. (B3)
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2. First order expression
Defining a new master variable X˜SN as
XSN =: X˜SN
(
1 + Y1
√
r−
r+
)
, (B19)
Y1 = −
4m
√
r+r−
2iλ0 + iλ
2
0 + 6r+ω0
(
λ0
r
+
3r+
2r2
)
, (B20)
we can rewrite the Sasaki-Nakamura equation in the form
f
d
dr
(
f
d
dr
)
X˜SN +
((
ω − m
r+
√
r−
r+
)2
− f(V− + δV )
)
X˜SN = 0, (B21)
with
V− =
ℓ(ℓ+ 1)
r2
− 3r+
r3
, (B22)
f = 1− r+
r
, (B23)
δV =
1
r2+
5∑
j=0
α−j
(r+
r
)j
. (B24)
where α−j = α
(1st)
j
√
r−/r+ and the explicit forms of α
(1st)
j are given by
α
(1st)
0 = −2mω0r+, (B25)
α
(1st)
1 = −2mω0r+, (B26)
α
(1st)
2 =
mr+ω0(6λ1r+ω0 + iλ0((λ0 + 2)λ1 + 8))
6r+ω0 + iλ0(λ0 + 2)
, (B27)
α
(1st)
3 =
8m(λ0 + 3ir+ω0)
6r+ω0 + iλ0(λ0 + 2)
, (B28)
α
(1st)
4 = −
12(λ0 − 5)m
6r+ω0 + iλ0(λ0 + 2)
, (B29)
α
(1st)
5 = −
72m
6r+ω0 + iλ0(λ0 + 2)
, (B30)
where ω0 = 2Ω0/r+. The QNM frequency for Kerr black hole for small r− becomes
ωKerrQNM =
2Ω0
r+
+
5∑
j=0
α−j e
−
j +
m
r+
√
r−
r+
+O(r−). (B31)
Apparently, this result looks different from that for the Chandrasekhar-Detweiler equation.
However in fact, they become same equations if we use the recursion relation for e−j in [3].
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3. Second order expression
In the second order case, we introduce a variable X˜SN as
XSN =: X˜SN
(
1 + Y1
√
r−
r+
+ Y2
r−
r+
)
, (B32)
where Y1 is same as Eq. (B20) and Y2 is given by
Y2 = − r+
2r4(λ20 + 2λ0 − 6i(r+ω0))2
[
24mr2r+ω1(2λ0r + 3r+)
+m2
(
8ir3r+ω0(λ
2
0λ1 + 12λ0 + 6iλ1r+ω0)
+ 8r2r+(λ
2
0 + λ0(6 + 3iλ1r+ω0) + 3iλ1r+ω0)− 48λ0rr2+ − 36r3+
)
− r(λ20 + 2λ0 − 6ir+ω0)
(
r2(λ20 + λ0(2− 8ir+ω0) + 18ir+ω0)
+ rr+(λ
2
0 + 2λ0 − 18ir+ω0 + 12)− 12r2+
)]
. (B33)
Then, the Sasaki-Nakamura equation becomes
f
d
dr
(
f
d
dr
)
X˜SN +
((
ω − m
r+
√
r−
r+
+ 2ω0
r−
r+
)2
− f(V− + δV )
)
X˜SN = 0, (B34)
with
δV =
1
r2+
7∑
j=0
α−j
(r+
r
)j
. (B35)
where α−j = α
(1st)
j
√
r−/r+ + α
(2nd)
j r−/r+. The first order corrections α
(1st)
j are same as
Eqs. (B25)-(B30) (but α
(1st)
6 = α
(1st)
7 = 0), and the second order corrections α
(2nd)
j are given
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by
α
(2nd)
0 = m
2 − 2mω1r+ + 4(ω0r+)2, (B36)
α
(2nd)
1 = m
2 − 2mω1r+ + 2(ω0r+)2, (B37)
α
(2nd)
2 = −
8(λ0 − 3)(ω0r+)2
λ0(λ0 + 2)− 6iω0r+ + λ2(ω0r+)
2
+
mω1r+((λ0 + 2)λ
2
0((λ0 + 2)λ1 + 8)− 12i(λ0 + 2)λ0λ1ω0r+ − 36λ1(ω0r+)2)
(λ0(λ0 + 2)− 6iω0r+)2
+
m2(λ20(λ0 + 2)
2 − 4(ω0r+)2(2λ0(λ0λ1 + 12) + 9)− 12iλ0(λ0 + 2)ω0r+ − 48iλ1(ω0r+)3)
(λ0(λ0 + 2)− 6iω0r+)2 ,
(B38)
α
(2nd)
3 =
λ30 + 2iλ0(ω0r+ + 2i)− 12ω0r+(2ω0r+ + 3i)
λ0(λ0 + 2)− 6iω0r+ +
24λ0(λ0 + 4)mω1r+
(λ0(λ0 + 2)− 6iω0r+)2
+
m2(λ20(λ0 + 2)
2 − 12(ω0r+)2(4(λ0 + 2)λ1 + 3) + 4iλ0ω0r+(λ0(2λ1 − 7) + 42))
(λ0(λ0 + 2)− 6iω0r+)2 ,
(B39)
α
(2nd)
4 =
3(λ0(3λ0 − 8iω0r+ − 2) + 70iω0r+ − 40)
2λ0(λ0 + 2)− 12iω0r+ −
72(λ0 − 5)mω1r+
(λ0(λ0 + 2)− 6iω0r+)2
+
m2(−12iω0r+(((λ0 − 10)λ0 − 10)λ1 + 32λ0)− 8(λ0 − 5)λ0(λ0 + 6) + 72λ1(ω0r+)2)
(λ0(λ0 + 2)− 6iω0r+)2 ,
(B40)
α
(2nd)
5 =
12(λ0 − 6iω0r+ + 15)
λ0(λ0 + 2)− 6iω0r+ −
432mω1r+
(λ0(λ0 + 2)− 6iω0r+)2
+
m2(−24λ0(λ0 + 50)− 144iω0r+(λ0λ1 + λ1 + 1))
(λ0(λ0 + 2)− 6iω0r+)2 , (B41)
α
(2nd)
6 = −
126
λ0(λ0 + 2)− 6iω0r+ +
144(7λ0 − 8)m2
(λ0(λ0 + 2)− 6iω0r+)2 , (B42)
α
(2nd)
7 =
1296m2
(λ0(λ0 + 2)− 6iω0r+)2 , (B43)
where ω1 is given by
ω1 =
5∑
j=0
α
(1st)
j e
−
j +
m
r+
. (B44)
Then, the QNM frequency becomes
ωKerrQNM =
2Ω0
r+
+
7∑
j=0
α−j e
−
j +
5∑
j,k=0
α−j α
−
k e
−
jk +
m
r+
√
r−
r+
− 2ω0 r−
r+
+O(r3/2− ). (B45)
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We note that this equation reproduces the same numerical value as Eq. (55).
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